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Abstract 

We present a theory of Backward Stochastic Differential Equations 
in continuous time with an arbitrary filtered probability space. No as- 
sumptions are made regarding the continuity of the filtration, or of the 
predictable quadratic variations of martingales in this space. We present 
conditions for existence and uniqueness of square-integrable solutions, us- 
ing Lipschitz continuity of the driver. These conditions unite the require- 
ments for existence in continuous and discrete time, and allow discrete 
processes to be embedded with continuous ones. We also present condi- 
tions for a comparison theorem, and hence construct time consistent non- 
linear expectations in these general spaces. MSG Classification: 60H20, 
60H10, 91B16 



1 Introduction 

The theory of Backward Stochastic Differential Equations (BSDEs) has been 
extensively studied. Typically, most results have been obtained only in the con- 
text of a filtration generated by a Brownian motion, possibly with the addition 
of Poisson jumps. Specifically, attention has been given to equations of the form 

dYt = F{lu, t, Yt- ,Zt)- Z;dMt; Yt = Q 

where M is the martingale generating the filtration (typically Brownian motion) , 
T is a fixed finite terminal time, Q G 1?(JFt) is a stochastic terminal value, is a 
progressively measurable function, [•]* denotes matrix/vector transposition (and 
hence A*B denotes the inner product of A and i?), and the solution is a square 
integrable pair of processes (F, Z) , where Y is adapted and Z is predictable. 



'Robert Elliott wishes to thank the Australian Research Council for support. 
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A notable exception to this is the work of [12], where a general probability 
space is considered. In the case considered in , the martingale M is specified 
a priori, and the equation considered is 

dYt = F{u;, t, Yt-, Zt)dCt - Z^dMt - dN^ Yt = Q, (1) 

where each term is as above, the filtration is quasi-left continuous, C is a con- 
tinuous process such that d{M) is absolutely continuous with respect to dC and 

is a martingale strongly orthogonal to Af, that is, {M,N) = 0, where (•, •) 
denotes the predictable quadratic covariation process. 

These equations depend heavily on the continuity of C, and therefore, are 
unable to deal with any situation where martingales may jump at a point with 
positive probability. However, these situations may arise in various applications. 
Similarly, if we consider embedding a discrete time process in continuous time, 
we obtain processes which jump with positive probability at every integer. 

A significant use of these equations is to generate 'nonlinear expectations' 
or 'nonlinear evaluations', in the sense of fIF. These are operators 

satisfying certain basic properties. They have important applications in math- 
ematical finance and stochastic control. Given the results of ^ and [T3], it is 
known that in the Brownian setting, under certain conditions, these operators 
are completely described by BSDEs. Furthermore, it is clear, given the compar- 
ison theorem in [8j, BSDEs of the form of in arbitrary spaces, under some 
conditions, also describe nonlinear expectations. However, it is not known how 
large a class of nonlinear expectations in a general space is given by a BSDE. 

To establish such a result for BSDEs of the form of ([!]) one faces a significant 
problem. If £{Q\J^t) — Yt is given as the solution to ([T|), once M is fixed, for 
any martingale N orthogonal to M, we have the property 

£iQ + NT\Tt)=£{Q\Tt). 

This property is clearly not true for most nonlinear expectations, whenever 
there are nontrivial examples of such processes N, which is not the case in the 
Brownian setting (as a martingale representation theorem holds). It follows 
that these equations cannot describe any nonlinear expectations which do not 
possess this property. 

Furthermore, the fact that the martingale M must be specified a priori is 
arguably unsatisfying. Conceptually, it may be preferable if, in some sense, the 
probability space itself dictated what martingales are needed for the BSDE. In 
this case, one could proceed either by specifying the probability space using 
a collection of martingales, (which, given a representation theorem holds, will 
then describe all martingales in the space), or vice versa. 

In this paper we establish such a general result. We show that there is a 
sense in which the original BSDE can be interpreted in a general space, using 
only a separability assumption on L^{J-'t). We establish conditions on the ex- 
istence and uniqueness of BSDEs in this setting, where the driver is integrated 
with respect to an arbitrary deterministic Stieltjes measure (Theorem IHH]). We 
also prove a comparison theorem for these solutions, which shows under which 
conditions they do indeed describe nonlinear expectations and evaluations. 
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2 Martingale Representations 



The key result used in the construction of BSDEs is the Martingale represen- 
tation theorem. In the Brownian setting, this result is well known, (see, for 
example [HI Ch V.3] or [T3J Thm 12.33]). In other cases, for example when 
dealing with martingales generated by Markov chains, a similar result is avail- 
able, (see [4]), however it is also known that there exist probability spaces in 
which no finite dimensional martingale representation theorem exists. 

Consider a probability space (fi, J-", P) with a filtration {Tt},t e [0,T] sat- 
isfying the usual conditions. The time-interval [0, T] is given the Borel a-field 
B{[0,T]). 

Definition 2.1. For any nondecreasing process of finite variation fj,, we define 
the measure induced by fi to be the measure over D, x [0, T] given by 



E 



lA{i^,t)dn 

[0,T] 



Here A £ J- \/ B{[0, T]), and the integral is taken pathwise in a Stieltjes sense. 

Under the assumption that the Hilbert space L^{J-t) is separable, a paper, 
Davis and Varaiya [TO], gives the following result. 

Theorem 2.1 (Martingale Representation Theorem; [10]). Suppose LP'{Ft) is 
a separable Hilbert space, with an inner product {X^Y) = E[XY]. Then there 
exists a finite or countable sequence of square-integrable martingales M^,M'^, ... 
such that every square integrable martingale Mt has a representation 

CO „ 

M = Mo+Y, KdMl 

^=l 

for some sequence of predictable processes . This sequence satisfies 



E 



^ / {z:fd{Ar)u 

.^=0 ^[".^1 



< +00. (2) 



These martingales are orthogonal (that is, E[Mi^M^] = for all i ^ j), and 
the predictable quadratic variation processes (M^) satisfy 

where >- denotes absolute continuity of the induced measures. Furthermore, 
these martingales are unique, in that if is another such sequence, then {N'') ^ 
(M*), where denotes equivalence of the induced measures in the sense of 
Definition \2.1\ 



Corollary 2.1.1. For any predictable processes Z^ satisfying the process 
Si ijo t] ^u^-^'-^u "^^^^ defined, and is a square-integrable martingale. 

Remark 2.1. When a finite dimensional martingale representation theorem holds, 
as when the space is generated by a Brownian motion, then all but finitely many 
of the martingales given by Theorem 12.11 will be zero. We shall not, in 
general, assume that this is the case, but acknowledge that, in this situation, 
significant simplification of the equations considered is possible. 
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We shall use this result to construct a form of BSDE on this general space. 

Definition 2.2. We denote by R^^°° the space of infinite valued sequences. 
We note that the predictable processes in Theorem \2.1\ can be written as a 
vector process Z, which takes values inM}^°^ . 

3 BSDEs in general spaces — a definition 

We seek to construct BSDEs, assuming only the usual properties of the filtration 
and that L'^{Ft) is a separable Hilbert space. For simplicity, we shall also 
assume that J-q is trivial, which, by right continuity, ensures that, almost surely, 
no martingale has a jump at t = 0. 

Definition 3.1. Let ^ be a deterministic signed Stieltjes measure. For K G 
a BSDE is an equation of the form 

Q = Yt- F{ij, u, y„_ , Z^)dfiu + V / Z^dM^ (3) 

where ZtiiS) is the (countably infinite) vector with entries Zl(uj) € M.^ . For a 
terminal value Q G L'^(M^; Ft), a predictable, dfi x rfP progressively measurable 
driver function F : x [0,T] x x , a solution is a pair of 

processes (Y, Z) taking values in x ]R^^°°, where Z is predictable and Y is 
adapted. We shall restrict our attention to the case when Y is square integrable 
and Z satisfies 0). 

Remark 3.1. We note that this type of equation encompasses all previously 
studied forms of BSDEs. When the filtration is Brownian, we can take AP 
to be the z'th component of the generating Brownian motion, fj, = t, and the 
equation is standard. When the filtration is generated by a Poisson random 
measure and a Brownian motion, as in [2] and others, or by a Markov chain, as 
in [S], we have similar a similar reduction. When we consider the analogous 
equations in discrete time, we can form the discrete-time filtration embedded in 
this continuous time context (see [TSl Ch If]), and hence obtain the Backward 
Stochastic Difference Equations considered in [7j and |5j. (However these last 
two works consider equations in discrete time without the restrictions of square- 
integrability throughout.) 

Comparing with the work of [12], we see that if F depends only on the 
projection of Z into a finite-dimensional subspace of R^^°°, then it is possible 
to reduce the equation to the form of ([U. In this case, the further assumption 
that our filtration is quasi-left continuous, and hence the martingales considered 
have continuous predictable quadratic variations, allows reduction to the case 
considered in |12) . 

We shall present a sequence of results (Theorems 15.11 16.11 and 16. 2p demon- 
strating conditions under which there exists a unique solution to such an equa- 
tion. The key distinction in these results is the assumptions on the measure 

which are increasing in generality. Theorem 16.21 places no restrictions on /z, 
apart from its being a signed Stieltjes measure. 



4 



Remark 3.2. While our existence and uniqueness results apply to the case where 
is a signed measure, our main focus shall be on the case where /i is a nonnega- 
tive (unsigned) measure. For this reason, we shall assume that fj, is nonnegative 
unless otherwise stated. 

4 Inequalities for Stieltjes integrals 

To give conditions under which solutions to a BSDE exist, we must first estab- 
lish the following results regarding integrals with respect to Stieltjes measures. 
These results are standard whenever the measures are continuous. 

4.1 Stieltjes Exponentials 

Definition 4.1. For any cadlag function of finite variation v : [0, oo[— R, we 
write 

0<s<t 

and call this the Stieltjes exponential of v. Note that this is also a cadlag 
function. 

Note that ^{vt) should be more properly written as €[v(.y,t), as it is a 
function of {vs]s < t} not just of vt. We use the former notation purely for 
compactness, whenever this does not lead to confusion. We note the following 
useful bound. 

Lemma 4.1. If ly is a cadlag function, then ^(vt) £ e''*, where e'^* is the 
classical exponential of Vf . 

Proof As > 1 + x, it is clear that (1 + Aiyt)e~^''' < 1 for all t. The result 
follows. □ 

Lemma 4.2. For any cadlag function of finite variation, the Stieltjes exponen- 
tial is well defined. Furthermore, if Avt > ~l, then £(j^t) > 0. If > ^1, 
then <S.{vt) > 0, and €{i't)~^ is well defined. In this case, the process ut — 
Ms£(ft)£(^s)^^ is the solution to the Lehesgue- Stieltjes integral equation 

Uf = Us + / Ur-dVr- 
J]s,t] 

Proof. As the process vt is cadlag and of finite variation, it is a (deterministic) 
semimartingale. £(i^t) is then the standard Doleans-Dade exponential of this 
process, and so its existence and basic properties can be seen in |13[ Thm 13.5 
ff]. This guarantees the convergence of the infinite products considered, and 
that this solves the desired integral equation. The nonnegativity result is clear 
by inspection. 

For the positivity result, we need only show that no<s<t(-'^ ^ Aiys) > 0. By 
continuity of the logarithm, this is equivalent to showing that 

- ^ log(l + A:^^) < oo. 

a<s<t 
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We then note that we can consider three cases. First, if Az^^. > 0, then 
— log(l + Ai/g) < 0, and hence 

^ log(l + Avs) < < oo. 

{0<s<t}n{Aiys>0} 

Second, we note that X]o<s<t l^^sl finite, as v is of finite variation, and hence 
there are only finitely many s such that Avs £ —0.7. Therefore 

- ^ log(l + Avs) < oo. 

{0<s<t}n{Aiy^<-0.7} 

Finally, we know that 2x < log(l + x) < for —0.7 < x < 0. Hence, we have 



log(l + Ai^s) < J2 2|Ai., 

JO<s<t}n{-0.7<Aiys<0} / \{0<s<t}n{-0.7<Aiy,.<0} 

< OO. 

Combining these three sums gives the desired constraint on the logarithm, and 
hence the strict positivity of the desired product. □ 

Lemma 4.3. For v a cadlag function of finite variation with Avt > —1, we 
have the stronger result 



inf < n (1 + ^^-) \ > 

o<t<T I I 

l^O<s<t j 



Proof. By the same argument as in Lemma 14.21 we have 

log(l + Au,) I < oo. 

^{0<s<T}n{Aus<0} 

It follows that 

- Y log(l + Avs) < - I Y l°g(l + ^""^^ I < °° 

0<s<t \{Q<s<T}n{Au^<0} 

for all t. Hence 



n (i+A^^.) > n (i+A^.)| >o. 

0<s<t I \{0<s<T}n{Ai/^,<0} 



0<t<T 



□ 



Definition 4.2. Let v be a cadlag function of finite variation with Avf > — 1 
for all t. Then the left-jump-inversion of v is defined by 



vt = I't 



^2 



0<s<t * 
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Similarly if Avt < 1 for all t, the right-jump-inversion is defined by 



0<s<t * 



Lemma 4.4. For v a function as in Definition \4-^ the left- and right-jump- 
inversions are finite, (whenever they are defined), and satisfy 



Proof. Consider first the left-jump-inversion. We know that Avg > —1 and 
^ |Az/s| < oo. Hence it foUows that Ai/g has only finitely many values in any 
neigbourhood not containing zero, and hence, is bounded away from —1. That 
is, there exists some e > such that Ai^^ > e — 1 for all s. To show finiteness, 
write 



and 



^ l-\-Ai^s ~ ^ 

{o<s<t}n{Ai/3>o} {o<s<t}n{Ai/3>o} 



{o<s<t}n{Aiys<o} \ {o<s<t}n{Aiys<o} 



< OO. 



{o<s<t}n{Aiys<o} 



Combining these sums gives the desired finiteness result. 
We now note that, algebraically, 

(1 - ^vs)-^ = f 1 - A^., + ' = 1 + A^, 

V 1 + Avs ) 

Hence 

0<s<t 



e 



n (l + Az.,)-ie^''-^ 



0<s<t 



0<s<t 

The proof for the right -jump-inversion follows in the same way, where finite- 
ness is because 

^ {Av,f ^ ^ {-Av,)^ 

0<s<t ^ 0<s<t ^ 
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and —Vs satsifies the requirements given above for the left-jump-inversion. The 
algebraic result is then that 



s-i 



and the result is as given. □ 

Lemma 4.5. For v a cddlag function of bounded variation with Avg > —1, 
the right-jump-inversion of the left-jump-inversion of v is the original function, 
that is 

i>t = vt- 

Similarly, if Av^ < — 1, then i>t — Vt- 

Proof. For simplicity, we decompose v into a discontinuous part vf := X]o<s<t 
and a continuous part = vt — I'd- Clearly, taking either the left- or right- 
jump-inversion will not alter the continuous part v'^, and so it is sufficient to 
show that the discontinuous parts are equal, that is, ADt = Avt = Avt for all t, 
whenever these terms are well defined. From Definition 14.21 we have 

Avt = — — r — , Avt = 



l + Avt' l-Avt 

and hence 



Avt 



ADt = ~7 = '+'\"' = Ai^f 
and similarly Ai>t — Ai^t, as desired. □ 



4.2 Integrating Factors 

ft is useful to have some results relating to the solutions of equations of the 
form dut — Ut^dvt = ■■■■ These are similar the the classical results on the use of 
integrating factors and Gronwall's inequality in the study of ordinary differential 
equations. 

Lemma 4.6. Let u be a semimartingale such that, for v a (nonnegative) Stielt- 
jes measure with Ai^t < 1, v a semimartingale, Ut^ is v-integrahle and 

dut > —Ut-dvt + dvt 

then 

d{ut^{vt)) > (1 - Avtr^<^{h-)dvt, 
where v is the right-jump-inversion of v. 

Proof. Applying the product rule for stochastic integrals, as £(i't) is of finite 
variation, we have 

d(ut&i>t)) , ^ ^ . 

— — — ^ = dut -\- ut-dut + AutAvf 

For all t such that Avt = 0, dvt = dvt and as (1 — Avt)~^ = 1, the result is 
clear. The set of t such that Avt 7^ is countable, and therefore, we only need 
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verify that the jumps of the processes considered satisfy the desired inequality 
(as it is only the jumps which assign positive measure to countable sets). 

^J. ^ = Aut + Ut-Avt + AutAvt 



Aut(l- Azyt)-^ + Wt_ 



= (ut_Ai/t + Au()(l- Az/t)-i 
>dvt{\-Avt)-^. 



□ 



Lemma 4.7 (Backward Gronwall Inequality). Let u he a process such that, for 
V a nonnegative Stieltjes measure with Ai/f < 1 and a a u-integrable process, u 
is u-integrable and 

ut<at+ I Usdvs, 

J]t,T] 

then 



ut <at + <B{-i't) / €{i>s)asdi>s- 

J]t,T] 

If at = a is constant, this simplifies to 

Ut < a£(^T)(£(z>t)"' = ae{-iyt)^{-iyT)~^. 
Proof. First note that dvt = ji^sol ^^'^ ^^^^ AvtAvt = Avtdvf Then let 

Wt := €{vt) I Usdug. 

J]t,T] 

Prom the product rule for Stochastic integrals, as v is of finite variation, 
dwt 



Ugdvg dvg — Utdvt — UtAvtAvt 



= -ut{l + Ai)t)diyt + (^J^ 



Ugdvs dvt 



-Utdvt + I / Usdvs] dvt 



= I -Ut + / UsdVs 



dvt 

> -atdvf 

Note that dvt and £(i't-) are both nonnegative. Therefore, by integration, 
Wt = <B{v't) / Usdi^s < / €{i>s-)asdi>s. 

J]t,T] J]t,T] 
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Substitution yields 



Ut-<at + €{Dt) W €{i's-)asdi>s 

J]t,T] 

and the desired inequalities follow from — (£(— i/j). If at = a, then this 

simplifies to 



Ut- < a 



J]t,T] 



□ 



Lemma 4.8 (Forward Gronwall Inequality). Let u be a Junction such that, for 
V a nonnegative Stieltjes measure and a a v-integrahle process, u is u-integrahle 
and 



the 



Ut <at+ I Ugdva, 



Ut <at + 2(t^t) / ^{-Ua)asdvs 



If at = a is constant, this simplifies to 

Ut < a<B{iyt)- 

Proof. This result follows in an almost identical fashion to Lemma 14.71 and the 
proof is therefore omitted. □ 



5 Existence of BSDE solutions — fundamental 
results 

In this section we shall establish the existence of solutions to BSDEs when the 
process /i satisfies particular properties. 

Definition 5.1. We consider a (deterministic) nondecreasing right- continuous 
function fi : [0,T] such that ^ is the distribution function of a measure 

on [0,T], and {M^)t, the predictable quadratic variation of the first martingale 
of Theorem \2.1[ is absolutely continuous with respect to /i, except possibly on 
some ¥-null set. 

As /I is of finite variation, its discontinuities Afi are bounded. We assume 
that fiT < 1 ciud that fi assigns positive measure to any nonempty open interval 
m [0,T]. 

We note that such a deterministic function must exist, an example would be 

^ E[{M^)t]+t 
E[{M^)t\+T- 
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Because fj, >- (M^) >- (M^) ;^ ... as measures on x [0,T], there exists a well 
defined random process tp'^{uj,t) — d{AP)/dfi, the Radon-Nikodym derivative of 
(M*) with respect to fj,. 

The measure /x will serve in the place of the Lebesgue measure dt in our 
BSDE. Unless otherwise indicated, all (in-)equalities should be read as 'up to 
evanescence'. 

Definition 5.2. We denote by \\ ■ \\ the standard Euclidean norm on M.^ , and 
note that ~ y*y, where [•]* denotes vector transposition. 

Definition 5.3. For a given /i and fixed K G N, we define the stochastic semi- 
norm II ■ \\Mt on M.^^°° by the equation 



E 



where ipl := d{M^)/dn and zl S M.^ is the i'th element in Zt, considered as a 
series of values in . 

We note that, for any predictable, dfi x dP progressively measurable process 
Z taking values in and in particular for processes satisfying (0) in each 

of their K components, the stochastic integral is constructed using the isometry 



E 



E 



\\Zt\\li,dfi 

E 



= E 



ZldMl 



J2 I \\Zird{Ml) 

„ J A 

E / 

. J A 



(4) 



for any interval A C]0,r]. (Note this requires the orthogonality of the AP.) 
Definition 5.4. We define the following spaces of equivalence classes 



n X 


[0,T] ^ 




predictable, E 


1 1 












J[0,T] 


n X 


[0,T] ^ 


K^; E 


sup \\Y,r 


< +0O } 








te[o,T] 







\Zu\\\[^d^u 



< +0O 



where two elements Z, Z of Hf j are deemed equivalent if 



E 



[0,T] 



duu 



0, 



and two elements of are deemed equivalent if they are indistinguishable. Note 
that K is here taken as fixed. 

Remark 5.1. We note that H\[ is itself a complete metric space, with norm 
given hy Z^ E jj^^^j \\Zt\\\j^d^it . 

Remark 5.2. We note that, by the isometry (jlj, H^j is independent of the choice 
of /X. 
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Lemma 5.1. The martingale representations constructed in Theorem \2.1\ are 
unique in H\j. 

Proof. This is true by the Hnearity of the integral, and the stated isometry Q , 
as the difference of any two representations will be zero in the norm of H\.j. □ 

Remark 5.3. By Definition [531 and the stated isometry Z G H\j if and only 
if Q holds. 

A key assumption in the study of BSDEs is the continuity of the driver 
function F. When the predictable quadratic covariations of all martingales in 
our space are continuous, we shall show that it is sufficient that F is uniformly 
Lipschitz continuous for the BSDE ([3]) to have a solution. On the other hand, 
as is clear in discrete time (cf [5]), when the predictable quadratic covariations 
are not continuous, a stronger condition is needed on F. We shall call this a 
firm Lipschitz bound on F , as is defined in the following theorem. 

Theorem 5.1. For ^jl as m Definition\SI^ let F : 1] x [0, T] xM^ xR^^°° 
be a predictable, d/i x d¥ progressively measurable function such that 



• There exists a (linear) firm Lipschitz bound on F, that is, a measurable 
(deterministic) function Ct uniformly bounded by some c G K, such that, 



for any yt,y^ gR^, z*, z^ G R^><°°, 
\\F{uj,t,yt,Zt)-F{uj,t,y't,z',)\\^ < ct\\yt-ytf+c\\zt--z',\\lj^ dfixd¥-a.s. 



Note that the variable bound Ct need only apply to the behaviour of F with 
respect to y. 

A function satisfying these conditions will be called standard. Then for any 
Q G L'^{M.^;Ft), the BSDE with driver F has a unique solution {Y,Z) G 
X H^j . ( S*^ and H^j are defined in Definition \5.4\ ) 

To prove this theorem, we first establish the following results. 

Lemma 5.2. Let {Y,Z) be the solution to a BSDE with data {F,Q). Lf F is 
standard, Q G L^(R^; J-t) and Z G H^.j, then Y ^ if and only if 



• E Lr^,\\F{iJ,t,0,0)\\^d^i <+oo 



and 



•']0,T] 

Proof. Clearly, if F G S*^, then ([5]) holds. For the converse, write 




(5) 




2 



+ 4 sup 





2 
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and by the assumptions of the lemma, a.s Z € Hij and so /jo t] ■^u'^-^u is ^ 
square integrable martingale, by Doob's inequality fl5' Thm 1.43], this quantity 
is finite in expectation. □ 

Lemma 5.3. Let (Y, Z) and (F, Z) be the solutions to two BSDEs with standard 
parameters {F,Q) and {F,Q). If 

62 ft F{lu, i, Yt_, Zt) - Fioj, t, Yt^.Z^), 

then for any nonnegative measurable functions Xt, Wt, with A/if < x^^ , 

dE[\\Yt - Ytf] > ~[{x^' - AMf)(l + wt)ct + xt]E[\\Yt- - \\^]dfit 

+ [1 - {x^' - Afit)il + Wt)c]E[\\Zt - ZtWlt.Wt 

-[{xi^ ^ Atit){l + wi^)]E[\\52ftrWt. 

Proof. Let 5Y = Y — Y, and similarly for F and Z. By application of the 
differentiation rule, we have 

d[\\SYtf] = ~2{6Yt-r{SFt)dfit + 2Y,m-nSZl)dMl 

^ ' (6) 

+ J2{SZinSZl)d[M\M^]t + ||<5F,|p(A/i,)'. 

As Y e 5*2, it is clear that J^^ ^^Y.'i.{SYs-)*{SZl)dMl is a martingale. Also, 
SZ e Hfj and so, by orthogonality of the M*, 

Y,{SZiridZi)d[M\M^]t-J2¥Zird{My 

id i 

is a martingale. Taking an expectation through ^ and applying Fubini's the- 
orem then yields 



dE[\\5Yt\\^] = ~2E[{SYt^riSFt)]dnt + E 



Y,\\SZird{AP)t 



i?[||5F,f](A/.0' 



= -2E[iSYt-nSFtMM + E[\\SZ\\lJJd^^t + E[\\SFt\\^]iA^ltf . 

Using the fact that (A/if)^ = {AiJ,t){diJ,t) and that for any x > 0, any a, 6 G M, 
±2a6 < xa^ + x^^b^, we have, for any measurable function xt > 0, 

dE[\\6Yt\\'] > -xtE[\\5Yt-\\^]dtit - x^'E[\\SFt\\^]dtit 

+ E[\\SZt\\ll^]d^lt + E[\\6Ftf]{Afit)^ 

= -xtE[\\6Yt-f]dfit + {Atit - x^')E[\\SFt\\^]d^it + E[\\5Zt\\lf^]d^if 

We now note that, for any measurable Wt > 0, as (a + 6)^ < (1 + w)a^ + (1 + 
w~^)b'^ for all w >0, 

\\SFtf < {l + Wt)\\F{uj,t,Yt-,Zt)-F{uj,t,Yt-,Zt)f 

+ (1 + w^')\\F{u, t, Yt-,Zt) - F{uj.t,Yt^,Zt)f 
< (1 + wMSYt^W^ + (1 + wt)c\\5Zt\\li^ + (1 + wi^)\\52ft\? . 

Provided A/i^ — x^^ < 0, combining this with the previous inequality gives the 
desired result. □ 
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Lemma 5.4. Let F : ft x [0, T] 

function such that 



E 



[0,T] 



> M.^ be a predictable progressively measurable 
\F{uj,t)\\'^dfi <+oo. 



Then the BSDE 



J]t,T] , J]t,T] 

has a unique solution in S'^ x H^j for any Q G i^(R^; J^t)- (Note here that F 
does not depend on Y or Z .) 

Proof. Using Theorem 12.11 we first construct processes which give a repre- 
sentation of the square integrable martingaie 



E 



E 


Q + 


/ F{uj,u)d^ 








J]0,T] 





This can ciearly be done componentwise, and so we obtain a unique process 
Z e Hjj, i.e. Zs{uj) e M^. It foUows that 



V / Zi^dMl = Q+ f F{u, u)dii ~E Q+ f Fiuj, 

i J]t,T] J]0,T] J]Q,T] 



Q+ F{ijj,u)d^i- E Q+ F{ijj,u)d^i 

J]t,T] J]t,T] 



and so there is a process 





Q + 


/ F{uj,u)dfi 








J]t,T] 





which satisfies tlic BSDE. By the uniqueness and right-continuity of the condi- 
tional expectation, this process is unique up to indistinguishability and hence 
in 5*2. □ 



Proof of Theorem \5 . 1\ For x,w as in Lemma 15.31 let 

= [{x~^ - AfJ,s){^ + Ws)Cs + Xs]dfJ.s 

J]o,t] 

TTt^ [ [{x;' ~Afi,){l + w-^)]il-Avsy'dfi, 

J]0,t] 

Pt= I [1 - (a;;^ - A^,)(l + wt)c]{l - Ai;,)-id/i,. 
J]o,t] 

Then we have that 
dE[\\6Yt\\^]>-E[\\5Yt^f]dvt+E[\\SZt\\lj^]{l-Avt^^^^ 

Hence, provided v is of finite variation, Avt < 1 and Afi — x^^ < 0, an applica- 
tion of Lemma 14.61 yields 

d[E[\\SYt\\'€{vt)] > {E[\\6Zt\\l,^]dpt - E[\\SM\']dnt) €{rjt-). 
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By integration, it follows that 



E[\\SYt\\']€{vt) + [ E[\\SZ,\\ljJ(B{v,_)dp, 



J]t.T] 



< E[\\6Q\f](B{dT) + f E[\\S2fs\\''Mvs-)d7rs 



(7) 



J]t.T] 



Taking a left-limit in t gives, by the dominated convergence theorem, 



E[\\5Yt^f]e{vt^)+ [ E[\\5Z4l,jeiv,^)dp, 



Jlt,T] 



< E[\\SQ\\^](f{dT) + f E[\\S2fs\\^]<i(vs-)d7rs 



J[t.T] 



and so by integration and Fubini's theorem, we have that 



[ E[\\SYt^f](t{vt-)dpt+[ tisE[\\SZs\\lij€{vs^)dp, 




(8) 



< HTE[\\dQ\\^]€ivT) + I PsE[\\52fsfWs~)dns- 



We now consider constructing a sequence of approximations in the usual 
way. For a BSDE with driver F and terminal condition Q, we fix an initial 
approximation {Y^^Z^) e S*^ x H\[. We shall first allow the Z component of 
the solution to converge, then allow the Y component to do likewise. This two- 
stage approach is needed due to the difference in the Lipschitz coefficients of F 
with respect to Y and Z. 

To construct the Z solutions, for any approximation Z", we fix the driver 
F{-^ ■, Z"). Using LemmaEH we obtain a new approximation 
This defines a sequence of approximations of solutions to the equation with 
driver F{-, •, •). Note that the driver at each iteration is Lipschitz continuous, 
with Lipschitz coefficients of zero. 

Consider the difference ((51^"+^, of two BSDE solutions from the 

approximation method, with the same terminal condition (i.e. SQ = 0) and 
the same driver F. These come from a driver with c — 0, and so dpt = (1 — 
Avt)^^dpt = (1 ^ xtApt)^^dpt in this case. From our above estimates ([7]), we 
obtain, for any functions x^^ > Apt, Wt > 0, 




s 




E[\\S2fsf][{x;' - Ap,)(\ + w-^)\<l(v,^){\ - Av^r'dp,. 



By the Lipschitz continuity of the original driver, we have 





]0,T] 




]0,T] 
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With these values of Xt and wt, we can see that A/if — ^ < 0, and further- 
more, as our modified driver has Lipshitz coefficients of zero at each iteration, 

vt=[ Xsdfis = I -, , — dfis < icfit 
J]o,t] J]o,t] 1 + 4:cA^ls 

is nondecreasing and bounded (and hence of finite variation), and 

Avt = < 1 < 1. 

l + 4cA/it - l + 4c 

It follows that our estimate (O holds, and (B{vs-){1 — Avs)~^ is strictly positive 
and bounded. Hence 

f E[\\Z,\\lj^]e{ds-){l - Av^y'dfi, 

J]Q,T] 

is an equivalent norm on i?£f , and so, by completeness, the contraction mapping 
principle gives the existence of a unique limit Z G H^j solving the BSDE with 
driver ■, F", •) and terminal value Q. 

We now construct a convergent sequence of approximations in Y. For any 
terminal value Q, consider an approximation F" G S^. We can then construct 
a solution to the BSDE with driver •), using the above 

result. This modified driver can be thought of as Lipschitz continuous with 
coefficients c > Ct — 0- Considering the difference of any two approximations 
SY", by the Lipschitz continuity of the original driver, we have 

E[\\S2m<c,E[\\SYr_r] 

and so, provided p is a nonnegative measure, our above estimates (|8| give 



/ E[\\SY;^+Ynvt^)d^^, 

< I l^sE[\\52fs\?]<^{vs-)dn, 



J]Q,T] 

Now consider the Lipchitz bounds of the original driver F. Without loss of 
generality, we assume that > uniformly. Next note that as CgA/i^ < 1 and 
Cs is bounded by c, it must be the case that CsA^s is uniformly bounded away 
from one. Hence, there exists a fixed e > such that c^A/is < 1 — e. 

Now, we let 

c(l + 2e-i) 

Xt - 



As 



l + c(l + 2e-i)A/it 
Wt = 3e"^ 

1 



c(l + 2e-i) c{l + wt) 



16 



it is clear that 

dpt = [1 - {xt^ - A/it)(l + wt)c]{l - xtAfit)~^dfit > 

so p is a nonnegative measure, as required. Also, as Cf = for our modified 
driver, for these values of Xt and Wf, we can again easily verify that the resulting 
V is nonnegative, bounded and Av < 1. It follows that ^{vs) is strictly positive 
and bounded. 

By construction, and the fact /is < fix < 1, we have 

PsCsiixJ^ - AAis)(l + - XsAp,)-^ 

= ( c(l (' + "^"') 

where the fifth line is because 



c 2 2 



We then have 



/ E[\\5Y^+'mv,^)d^,, <(l-'l) [ E[\\5Yr_mv,^)dt,,. 

J]0,T] \ 4 / J]o^T] 

As (B{vs-) is strictly positive and bounded, 

Y^ f E[\\Y,^\\^]€ivs-)dtis 

J]0,T] 

is an equivalent norm on the space of processes satisfying ^ and so, by com- 
pleteness, the contraction mapping principle gives the existence of a limit Y 
solving the BSDE with driver F and terminal value Q. This limit is unique, 
that is, if Y, Y are two solutions, then 



/ E[\\Y,^-Z-\\^]<Bii.-)d^is=0■ 

J]O.T] 



]0,T] 

As Ys- — Ys- is left continuous, if \\Ys- — Kj-lP > for some s, then it is 
positive on some nonempty open interval. As fi assigns positive measure to 
every nonempty open interval, by contradiction, we must have Kg- — Ys- for 
all s. Again by left continuity, it follows that Y and Y are indistinguishable, 
that is, Y is unique in S^. 

The existence of Z also follows from ([5]), as p is strictly positive and hence 

lim / fisE[\\SZ^\\l,J<B{ds-)dps < \im f psE[\\d2fn\^Mis-)d7Ts ^ 0, 

that is, 6Z" also converges to zero. Uniqueness of Z follows from the above 
results with Y fixed at the solution of the BSDE. □ 
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Remark 5.4. In discrete time, we have shown in [7] that a necessary and sufficient 
condition for the existence of a solution to the discrete BSDE is that F is 
invariant with respect to Z in || • ||Mt and that y ^ y — F{ui, t, y, z) is a bijection 
in y for all z,t and almost all w. The requirement that F is firmly Lipschitz is 
sufficient, but not necessary, to guarantee that these conditions hold. 

6 Existence of BSDE Solutions — General Re- 
sults 

We now wish to extend our above solution to allow fj, to be any Stieltjes measure. 
This shall be done in two stages, first by relaxing the condition that fix 1, 
and then relaxing the conditions that E[{AI^)t] is absolutely continuous with 
respect to fi and that /i assigns positive measure to every open interval. 

Definition 6.1. For two measures v, fi, we shall write v ^ when the measures 
are equivalent. 

Theorem 6.1. Let /i be any deterministic Stieltjes measure assigning positive 
measure to every open interval, and such that /i >~ {M^)t. (Note \\ ■ \\m is still 
well defined m relation to y..) Let F : n x [0,T] x x R^^°° ^ &e a 
predictable, dfi x dP progressively measurable function such that 



• There exists a (quadratic) firm Lipschitz bound on F, that is, a measurable 
(deterministic) function ct uniformly bounded by some c e R, such that, 



for any y^y't G R^, Zuz[ £ M^><°°, 
||F(t^,i,yt,zt)-f^(w,t,y;,zOf <ct||yt-y;f+c||zt-z;||if^ d^ixd¥-a.s. 



Note that the variable bound Ct need only apply to the behaviour of F with 
respect to y. 

A function satisfying these conditions will be called standard. Then for any 
Q g L'^{M.^;Ft), the BSDE Q) with driver F has a unique solution {Y, Z) £ 
X Hfj. (S'^ and H\.[ are defined in Definition \5.4\ ) 

Proof. As fj,x is finite, the jumps of /i are bounded above. It follows that we 
can assume, without loss of generality, that Ct > uniformly and c > 1, and 
there exists an e > such that Cf(A//t)^ < 1 ~ e. Let 



Then ~ /i, and Avt — X^^Afit < 1. As vt is right continuous, deterministic, 
and has no jumps of size equal to or greater than one, there exists an 77 > and 
a finite sequence {to, ti, is} such that t^ = 0, ts — T and v(\ti, ti+i]) < 1 — ?/ 
for all i. 



• E L ||F(w,t,0,0)f <+oo 



and 



ctiAfitf < 1. 
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We now note that, omitting the lo and t arguments, our BSDE (|3]) can be 
written 



Q 



Yt- XuF{Yu^,Z^)diy^ + S2 ZldMl (9) 

J}t.T} ~1 J]t.T] 



]t:T] J]t,T] 

which is a BSDE with Lipschitz property 

||A*F(2;t,z,)-AtF(y^,zOf <A?Ct||2/t-2/;f + A?c||zi-zi||i,^ d,. x dl 
We write 

v2 



C = SUp{AtC} < (^ 2(1 + 6-1^" '^^^ ) C<QO 

and Ct = Xf Ct- Note that as e < 1, Ct/c < 1, 

^ e^ + 2(l + e-i)cAMt \ . 
V 2(l + e-i)c ' 



2 

e 



Ct 



<^ + (l + £)(l-e) 



< 1. 

Finally, we define the measures 

J]o,tAtfc+i] V^tfc V ^tfc/ / 

It is easy then to show that ly^ < 1 for all k, assigns positive measure to 
every interval in ]0,ifc+i], and >- E[{M-^)] on ]0,tfc+i]. Hence v'^ is a measure 
of the type considered in Theorem 15.11 Also, Aiy^ < Avt < 1 and i/'^ agrees 
with v for all subsets of ]tk,tk+i]- 

We now consider the sequence of BSDEs 



(10) 



with YrP — Q. For each k, (fTU]) is a standard BSDE with a driver XtF, which 
has Lipshitz coefficients of Ct and c, and hence is (linearly) firmly Lipschitz. 
Hence, the existence of a unique solution for each k is guaranteed by Theorem 

For k = B — 1, pH)) agrees with (jS]), and hence with the original BSDE 
([3]), for all t e [tk,tk+i]- It follows that the solution Yf^~^ is a solution to 
our original BSDE on the interval [ts-ij^s]. Similarly, for fc = _B — 2, this 
argument then implies that Y^^~^ is a solution to our original BSDE on the 
interval [^3-2,^5-1], etc... 
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We now piece together these solutions to define Yt = where t G]tk,tk+i], 
and similarly for Z. By an inductive argument, we can see that this will solve 
the desired BSDE. Furthermore, this solution will be unique, as the solution is 
unique on each subsection ]tk,tk+i]. □ 

Remark 6.1. We note that, when fix < 1, the conditions of Theorem 16.11 are 
strictly weaker than those of Theorem 15.11 In this case, the jumps of fi satisfy 
< 1 and it follows that a quadratic firm Lipschitz bound is weaker than a 
linear firm Lipschitz bound. 



6.1 A General Existence Theorem 

We now construct the solution to a BSDE where fi is an arbitrary deterministic 
Stieltjes measure. 

Theorem 6.2. Let fi be any deterministic signed Stieltjes measure, and let 



fit = E[{M^)t] + t + l^lf. Consider F : il x [0,T] x x 
predictable, dfi x dP progressively measurable function such that 



a 



• E 



ijo T] 0, 0)p(i|/i| < +CXD, where is the total variation of fi. 



• There exists a (quadratic) firm Lipschitz bound on F , that is, a measurable 
(deterministic) function ct uniformly bounded by some c £ M, such that, 
for any yt,?/^ SR^, Zt,z^ eM^x°°, 

||F(c^,t,yt,zt)-^('^,i,2/^^0f <C(||yt-y;f+c||zt-zJ||i,^ dfixd¥-a.s. 
where \\ ■ is the seminorm generated by fit, o,i^d 

CtiAfitf < 1. 

Note that the variable bound Ct need only apply to the behaviour of F with 
respect to y. 

A function satisfying these conditions will be called standard. Then for any 
Q G L^(R^; J-t), the BSDE with driver F has a unique solution {Y, Z) G 
S^xHl,. 

Proof. Clearly fi'^ fi, and so we can write our BSDE as 

Q^Yt- \uF{Yu-, Zu)dfiu + Z^dMl (11) 

where A — d^/dfi and hence |A| < 1. Any solution to the original BSDE is 
also a solution to the BSDE (fTTT) and vice versa, and, therefore, the existence of 
a unique solution to (fTTj) guarantees the existence of a unique solution to ([3|. 

From the construction of fi, it is clear that pT|) is a BSDE of the form 
considered in Theorem 16.11 with a driver XtF satisfying the Lipschitz bound 

\\XtF{yt,zt) - XtF{y't,z't)\\^ < ctX^Vt - VtW^ + cX^tW^t ~ z't\\li^ dfi x dV-a.s. 

Furthermore, 

ctXUAfitf = ct (^^) {Afit? = ctiAfitf < 1. 
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Finally, we see that 



E 



]0.T] 



\\\tF{u,t,0,0)\\^dli 



= E 



0,T] 



\\t\\\F{Lo,t,QM?d\^i\ 



< +00. 



Therefore, the BSDE (fTTj) satisfies the requirements of Theorem 16.11 and 
hence a unique solution exists in x Hf j. □ 

Remark 6.2. Clearly if = 0, then the requirement that F is firmly Lipschitz 
degenerates into the classical requirement that F is uniformly Lipschitz. It is to 
be expected that many of the generalisations of the Lipschitz conditions which 
are known in the case where our filtration is generated by a Brownian motion, i.e. 
to drivers with a stochastic Lipschitz bound, to drivers with quadratic growth, 
to drivers with linear growth and a monotonicity condition, etc., will also be 
possible in this situation. There is, however, considerable difficulty involved in 
obtaining these results in the simple continuous case, and it is to be expected 
that this difficulty will be increased by the discontinuities present here. 

Remark 6.3. The situation where F has stochastic Lipschitz bounds is of par- 
ticular interest here, as it would then be possible to consider replacing /i with 
a general predictable process of finite variation, and consequently, with any 
square integrable special semimartingale. Such a general situation is arguably 
as general as can be expected within the context of stochastic integration. 



7 A Comparison Theorem 

Given we have now established the existence of solutions to these equations, 
we now wish to prove a comparison theorem for them. This is based on the 
theorem in ^, for BSDEs of the type of (P. 

Remark 7. 1 . While our existence and uniqueness result applies to the case where 
/I is a signed measure, we shall henceforth assume that is a nonnegative 
measure. 

Theorem 7.1 (Comparison Theorem). Suppose we have two BSDEs corre- 
sponding to standard coefficients and terminal values (F, Q) and {F, Q) . Let 
(Y, Z) and {Y , Z) be the associated solutions. Suppose that for some s, the 
following conditions hold: 

(i) Q>Q P-a.s. 

(a) fi X P-a.s. on [s,T] x fi, 

F{uj,u,Yu-^,Zu) > F{uj,u,Yu^,Zu). 

(Hi) For each j, there exists a measure Pj equivalent to P such that the jth 
component of X , as defined for r > s by 

e*Xr := - / e*[F{uj,u,Yu-,Zu) - F{oj,u,Yu-,Zu)]diJ,u 
is a¥j supermartingale on [s,T]. 
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(iv) For all t £ [s.T], with Yt > Yt, for almost all lo, there exists an e > 0, 
which may depend on lo and t, such that if for all re [t — e,t] and all j 



P*.Y — E~ 

3 r Fi 



VA 

> e*Yr - E, 



/ e*F{uj,u,Yu-,Zu)dHu 

J]r,t] 

e*F{u;,u,Yu-,Zu)di^u 



then Yr > Yr componentwise, for all r € [t — e,t]. 

It is then true that Y > Y on [s, T], except possibly on some evanescent set. 

Proof. We omit the w and t arguments of F for clarity. Either the comparison 
must hold for all r, or, as the set [0,oo[^ is closed in M.^ and Y — Y is right 
continuous, there exists a stopping time t and a set A G J" such that Y^ — Y^>Q 
componentwise, and for all e sufficiently small, — ?r-<; < in at least one 
component, on A. Note e will, in general, depend on bj. 

Wc now consider the BSDE with terminal conditions Y^ > ^r. and respective 
drivers ItKrF and ItKrF- These BSDEs will also satisfy the conditions of the 
theorem, with the same measures Pj. 

Then, for r > s 



Yr-Yr- [ Iu<r [F{Yu- , Z^) - F{%_ , 

J]r,T] 



+ 



^ / Iu<r [Zi - ZijdMi =Yr-Yr>0 

i '']r,T] 



(12) 



This can be rearranged to give 

Yr 



—Yr — / Iu<t[F{Yu-,Zu) — F{Yu-,Zu)]dfJ,u 
J]r,T] 

>-f 

Iu<t[F{Yu-, Zu) — F{Yu-, Zu)]d^u 



(13) 



+ / Iu<r[FiY^-,Z^) - F{Y^_,ZJ]dfXu 



J2[ iu<r[z:-zi]dMi 



We have that 



Iu<r[F{Yu-,Z^) - F{%_,Zu)Wu > 

r,T] 

by assumption (ii). As e*Xr is a P^- supermartingale and r is bounded by T, 
we know that the process given by 

e*jXr := e*Xr/\T — -Bp. [e*X,-|J-" r] 

Iu<re*[F{Yu-,Zu) - F{Yu-,Zu)Wu 



r,T] 



(14) 



-E/ Iu<re*[Zi-Zi]dMt 



r,T] 
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'j-supermartingale, with e*Xr 



is also a 

For each j, taking a Fj 
premuhiplying by e* gives 







""j-a.s. Hence e*jXr > 0. 



J> conditional expectation throughout ()13|1 and 



]r,T] 



e*[F(y„_, Z„) - 



> 0. 



This must hold for all r < t and almost all uj. Considering this equation 
pathwise, we see that by Assumption (iv), for almost all uj, for sufficiently small 
e, this implies that for all r G [T{io) — e{uj),T{uj)] we have Yr — Yr > 0. On A, 
this contradicts the construction of r, and hence it follows that the comparison 
must hold for all times. 

As y — y is cadlag, we have that Y ~Y is indistinguishable from a nonneg- 
ative process and, therefore, the inequality holds up to evanescence. □ 

Remark 7.2. Assumption (iv) essentially guarantees that there will not be a 
first time at which the comparison holds, prior to which it does not hold. By 
right continuity, we know that either the comparison holds at all times, or there 
will exist such a first time. Hence, the comparison must hold at all times. 

Remark 7.3. Assumption (iv) is clearly trivial whenever F does not depend on 
Y. 

Remark 7.4. Assumption (iii) is very closely related to the Fundamental theorem 
oj Asset Pricing (see |11|), as it relates an inequality in current values to the 
existence of an equivalent (super-)martingale measure. 

Definition 7.1. A standard driver F such that assumptions (iii) and (iv) of 
Theorem \7.1\ hold on [0, T] for all Y, Z, Y and Z will be called balanced. 

Tiieorem 7.2. In the scalar (K — 1) case, assumption (iv) of Theorem \ 7. 1\ 
holds for any standard F . 

Proof. Let 5Y -.— Y — Y. Let t be a fixed time with SYt > 0. By pathwise right 
continuity, there exists a (stochastic) e > such that, except possibly on some 
P-null set, either 6Yr > for all r e [t - e, i], or SYr < for aU re [t - e,t]. 

Denote those uj where the latter case applies by A. On A, we suppose, 
without loss of generality, that > 1, and that e is sufficiently small that 
I]t-t t] '^sdfJ-s < 1- Such an e will exist as Cg is bounded and c^A/is < 1. 

Now suppose for all r G [t — e,t], omitting the uj and t arguments of F, 



Y — Fj~ 



r,t] 



F{Yu-,Zu)d^ii 



r,t] 



F{Yu-, Zu)dfiu 



Then, on A^ as SY^ < by construction, by Lipschitz continuity, we have 



Wr \ < Ep 



F{Yu-,Zu)-F{Yu-,Zu)dpi, 



Fr 



< / CuEp [\SYu-\\ Fr] duu 

■J]r,t] 
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Now let Wr := -Bp[|5yr|| Jt_e]. We have the inequahty 



J]r,t] 

for all r > t — e. Taking a left limit in r and applying Fubini's theorem we 
obtain 



and hence by integration and Fubini's theorem, either Wr- = or 



]t-e,t] J]t-e,t] 



t-e,t] 



Crd^r CgWs-d^s 



< I CsWs-d^s. 
I]t-ej] 

This is a contradiction, and so Wr- = for all r E]t — e,i\. Therefore, by 
monotonicity of the conditional expectation, we know 6Yj, = for all r — e, t], 
on A. As we know that 6Yr < for all r G]t — e,t] on A, it must be that A is 
empty. The result follows. □ 

Definition 7.2. The comparison between Y and Y will be called strict on [s, T] 
if the conditions of Theorem \7.1\ hold, and, for any A J-g such that Y^ = Y^ 
V-a.s. on A, we have Y^ — Y^ on [s,T] x A, up to evanescence. 

Lemma 7.1. // the comparison is strict on [s,T], then for any A such 
that = Y^ P-a.s. on A, it follows that 

• Q ^ Q P-a.s. on A, 

• F(uj,u,Yu-, Zu) — F{uj,u,Yu-, Zu) /i x P-a.s. on [s,T] x A, and 

• for r G [s,T], up to indistinguishability, on A, \\Zt — Zt\\Mt ~ 0. 

Proof. We omit the uj and t arguments of F and F for clarity. Let X be as in 
(fT4|) . and let S be the process defined by 



r,T] 



[F{%-,Zu)~F(Yu-,Zu)Wu 



e*Xr 



(15) 



Then e*S is a Pj-supermartingale, as the first term is a Pj-martingale, the 
second is nonincreasing in r by Assumption (ii) of Theorem 17.11 and the third 
is a Pj-supermartingale by Assumption (iii) of Theorem 17. II Furthermore, each 
of these terms is nonnegative. 

Taking a Pj|J> conditional expectation through ([3]), we have that, for all 

r e [s,T], 



e*{Yr-%) = e*Sr + E^ 



r,t] 



e*[F(r„_, Z„) - F{Y^_,Z^)]d^i^ 



Fr 



(16) 
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If Yr = Yr on [s,T] X A up to evanescence, then it is clear from ([T6|) that 
Sr ~ P-a.s. on [s,T] x A. Hence, by nonnegativity, each of the terms on 
the right hand side of ((15]) must be zero. The first two points of the lemma 
immediately follow. 

Consider the BSDE ® satisfied by Y. As F{Yu.,Zu) = Z„) ^ x P- 

a.s. on [s, T] X A and Q — Q P-a.s. on A, we know that 



Yr - f F{%^,Zu)dfiu + y f KdMl = Q 

J]r,T] ^ J\r,T\ 

is P-a.s. equal to 



Yr 



FiY^^ , Z^)du + > / ZldMl = Q. 

r,T] , J]r,T] 



Hence, in A, {Y, Z) is a solution at time r to the BSDE defining {Y, Z). 

As the solution to this BSDE is unique, it follows that, on [s, T] x A, \\Z — 
Z\\Mt =0 up to indistinguishability. □ 

Theorem 7.3 (Strict Comparison). Consider the scalar, (K case, where 

F is balanced. Then the comparison is strict on [s,T] for all s. 

Proof. Again, as X = 1 we can omit ej from all equations, and we omit the uj 
and t arguments of F and F for clarity. Let Sr be as defined in (fT5|) , and note 
that S' is a nonnegative P-supermartingale. 

Taking a P|J^j conditional expectation of gives 



Em Yr Yr J~fi Em 



F. 



Sr+ [ [F{Y^^,Zu) - FiYu-,Zu)W, 

J]s,t] 

-E^ [ [F{Yu-,Zu)-F{%^,Zu)Wu 

\_-l]s.r] 

<Ss+E^ f [F{Yu-,Zu)-F(%.,Zu)Wu 
+ / E^[\F{Yu-,Z^) - F{%^,Zu)\\Fs]du 

J]s,r] 

<Ss+E^ f [F{Y^_,Z^) - F{Y^_,Z^)]dfi^ 

[J]s,t] 

+ c Ey[ \Yu- - %- 1 1 Fs] d^iu- 

J]s,r] 

We know from and the assumption Yg — Yg — on A that 



(17) 



IaSs + IaEp 



[F{Yu-,Zu)-F{Yu-,Z^)]d^i^ 



F., 



and so, as y — y is nonnegative by Theorem 17.11 premultiplication of p7p by 
I A and then taking an expectation gives 



E^[lA{Yr - Yr)] < c / E^lUiY^- - Yu_)]df^u. 
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As all quantities are nonnegative, taking a limit from below yields 
E^llAiYr- - < c / Ep[lAiY^- - Y^-)]dfiu. 

J]s,r] 

and an application of (the forward version of) Gronwall's Lemma implies 

E^[lA{Yr-Yr)]<0. 

By nonnegativity, it follows that F,- — Yr, P-a.s. on A. Again, as F — y is 
cadlag, this shows that y = F on [s, t] x A, up to evanescence. □ 

Corollary 7.3.1. If the ith component of F{uj,t,y, z) depends only on the ith 
component of y, (as well as on uj,t and z), then the comparison is strict. 

Proof. As the ith component of F depends only on the ith component of y, 
we can repeat the construction of Theorem 17.31 in each component. The result 
follows. □ 



8 Nonlinear expectations 

We are now in a position to explicitly construct nonlinear expectations in a 
general probability space. We shall not here consider the more general theory 
of nonlinear evaluations. An approach without these restrictions can be seen 
in [S]. These operators, discussed in [TJ, are closely related to the theory of 
dynamic risk measures, as in [3], |19j . [1] and others, as each concave nonlinear 
expectation £{-\J-t) corresponds to a dynamic convex risk measure through the 
relationship 

PtiQ) - -£{Q\Tt). 
A further discussion of this relationship can be found in |19j . 
Definition 8.1. A family of operators 

£i-\Tt) : £2(J"t) ^ L\Tt),0 <t<T 

is called an T^-consistent nonlinear expectation if £{-\J-t) satisfies the fol- 
lowing properties. 

E If Q > Q P-a.s. componentwise 

£{Q\J-t) > £{Q\J-t) P-a.s. componentwise 

with equality iff Q ^ Q' P-a.s. 

2. For Q e L^iFt), £iQ\Ft) = Q F-a.s. 

3. For any s <t, 

£{£{Q\Ft)\Fs) = £{Q\Fs) P-a.s. 

4-. For any A G Ft, 

lA£{Q\Ft) ^ £{lAQ\Ft) p-a.s. 



26 



Theorem 8.1. Let F he a balanced driver which does not depend on Y, (i.e. 
Ct=0) and satisfies F{uj,t,y,0) ~ fi x P-a.s. Then the operator defined by 

£{Q\Tt) = Yr 

where Y is the solution to a BSDE (0) with driver F, is a nonlinear expectation. 

Proof. 1. As _F is balanced, this result follows directly from the Comparison 
theorem fTheorem lT.ip . As F does not depend on Y, the strict comparison 
will also hold, by Corollary [733] 

2. Consider the BSDE © on [t,T] 

Ys- [ F{u, u, Yu- ,Zu)du + y^ [ Z^dMl = Q. 

As,T] ^ J]s.T] 

This has a solution Y^ — Q, Zg — 0. As Q G L^(J^t), this solution is 
adapted and, by Theorem 15.11 unique. Therefore £{Q\Tt) = Yt = Q as 
desired. 

3. By definition the BSDE with terminal condition Q at time T has solution 
Yt at time t. Simple manipulation of the BSDE ^ at time s shows that 
Ys is also the time s solution to the BSDE with terminal condition Yt at 
time t. Hence, by property 2, Ys solves both the BSDE with terminal 
condition Yt = £{Q\J-'t) and the BSDE with terminal condition Q. 

4. Consider the BSDE with driver F and terminal condition Q. Multiplying 
by Ia, as lAF{uj,t,y, z) = F{uj,t, lAy, Iaz), we see that {IaY,IaZ) is 
the solution to the BSDE with driver F and terminal condition IaQ, as 
desired. 

□ 

Remark 8.1. It is known in discrete time ([7]), and under some conditions in 
continuous time ([9]), that BSDEs describe all nonlinear expectations, subject 
to some boundedness conditions. It is likely that a similar result will hold in 
this setting. However, obtaining such a result is beyond the scope of this paper. 

9 Conclusions 

We have constructed BSDEs in a general filtered probability space, using only 
basic properties of the filtration. We have presented conditions for the existence 
of unique solutions to these equations, and seen how these are related to the 
conditions in both the classical setting, and the discrete time setting. We have 
given a comparison theorem for these solutions, which allows the construction 
of nonlinear expectations in these spaces. 

These results are significantly more general than those previously available, 
as they make very few assumptions on the underlying probability space. A con- 
sequence of this is that a possibly infinite dimensional martingale representation 
theorem is required. In full generality, they also make no assumptions regard- 
ing the relationship of the integrator of the driver and the quadratic variations 
of the martingale terms. At the same time, this general setting provides an 
approach unifying the theory of BSDEs in discrete and continuous time. 
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